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У статті надана математична модель процесу 
недзеркального відбиття електронів від потенційного 
бар’єру на межі плазми з поверхнею або оточуючим 
вакуумом. У формі, аналогічній інтегралу зіткнень 
Ландау, записано вираз для розподілу електронів у 
відбитому потоці. Записано граничні умови для рівнянь 
динаміки електронів, які мають бути використані при 
моделюванні процесів в електроракетних двигунах
Ключові слова: електроракетні двигуни, 
потенційний бар’єр, інтеграл Ландау, граничні умови
В статье представлена математическая модель про-
цесса незеркального отражения электронов от потенци-
ального барьера на границе плазмы с поверхностью или 
окружающим вакуумом. В форме, аналогичной интегра-
лу столкновений Ландау, записано выражение для рас-
пределения электронов в отраженном потоке. Записаны 
граничные условия для уравнений динамики электронов, 
которые должны быть использованы при моделировании 
процессов в электроракетных двигателях
Ключевые слова: электроракетные двигатели, 
потенциальный барьер, интеграл Ландау, граничные 
условия
1. Introduction
Electric propulsion thrusters [1] are widely used 
in modern astronautics for realization of different 
space missions such as interplanetary missions to 
Venus, Mars, Jupiter Troyan asteroids, main belt 
asteroids [2], near Earth inter-orbit operations with 
satellites delivery from basic orbit to geosynchronous 
earth orbit [3, 4]. Traditional plasma-ion thrusters 
[5] and Hall effect thrusters [6] are used here as well 




Characteristic feature of electric propulsion devices is 
the fact that free path length of any process is higher than 
device size. It means that electrons reflection from near-
the-surface potential barrier is stronger factor of all the 
gas dynamics parameters change than the collisions in the 
volume.
The levels of current inside metallic structure elements is 
not of such scale to result into considerable potential change 
inside the metal – any metallic surface can be considered as 
equal potential one. 
The potential of different points on dielectric details 
surface is different but the spatial scale of potential change 
is great comparatively with near-the surface Langmuir layer 
thickness. Thus inside the layer the dielectric surface can be 
also considered as equal potential one.
2. Potential distribution inside near-the-surface layer
Just near the surface of solid body the equal potential 
surfaces inside the layer reproduce the solid body surface 
geometry (Fig. 1).
Fig. 1. Electrons reflection from near-the-surface potential 
barrier
As a result the potential distribution inside the layer is 
sufficiently inhomogeneous one. One of the consequences of 
this fact is elastic but non-mirror reflection of electrons from 
near-the-surface potential barrier – after collision electron 
returns into plasma with preservation of energy and motion 
absolute value but with the deviation from mirror reflection 
trajectory. So not only normal but also parallel to surface 
projection of motion changes in the reflection of electron 
from potential barrier.
The randomnicity of motion direction after reflection 
means, for example, the loss of parallel to surface motion 
projection – the part of direct movement energy is 
transferred into heat energy. It is necessary to take into 
account the fact that even in the case of ideally slim surface 
(that is impossible of course) the named effect takes place. As 
it had been shown in the work [8] even in steady-state and 
homogeneous boundary conditions own plasma oscillations 
take place, which do not need the external source. Plasma 
oscillations wave length is of the same order as screen length 
as well as Langmuir layer thickness. Plasma oscillations 
period and the time of electron’s being inside the layer are 
also of the same order. So non-mirror reflection takes place 
also near ideally slim surface. Moreover, the same process 
takes place near the border of plasma and surrounding space.
The value of flow of the distribution function moment 
of n-th order onto the surface is equal to scalar product of 
(n+1)-th order moment and the ort of the normal to the 
surface:
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Let’s represent the integral in (1) as the sum of integrals 
in direct and reflected flow:
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where 
[ ] ( )   a a= n nv m vm ,                             (3)
( ) ( ) ( )a aΓ = rn nv f v v .                              (4)
In the case of mirror reflection the equivalence would 
take place in reflected flow with <nv 0 :







f v f v 2i v ,                      (5)
where ( )+a f v  – distribution function in direct flow ≥nv 0 .
3. Electrons distribution function in reflected flow
Let’s describe the electron movement after the reflection 
in spherically coordinate where the basic axis coincides with 
the direction vi  of mirror reflection (Fig. 2). Let’s also sign 
the unitary vector of trajectory direction after reflection as 
¢vi . So electron’s velocity after collision can be expressed as:
( )⊥ ⊥ ¢ = θ+ y + y θ  

v 1 2v v i cos i cos i sin sin ,            (6)
where v – velocity absolute value, which doesn’t change in 
reflection; ⊥1i , ⊥2i  – normal to vi  orts.
In the bulk of cases the deviation from the mirror reflec-
tion trajectory is small:
θ <<1 .                                        (7) 
It means that velocity ¢

v  differs small from mirror 
reflection velocity 

v  as well as distribution function in 
reflected flow from ( )a 0f v . The analogue of collision 
integral in Landau form [9] can be used for determining 
of distribution function. The value of ( ) ( )aΓ rn v  can be 
represented in this case as:
 
38
Восточно-Европейский журнал передовых технологий ISSN 1729-3774 4/5 ( 64 ) 2013
Fig. 2. Reflected movement coordinate system: ni - normal 
to surface; vi - basic axis coincides with the direction vi  
of mirror reflection; ¢vi - vector of trajectory direction after 
reflection; ⊥1i , ⊥2i  – normal to vi  orts; θ - deviation from 
the mirror reflection trajectory
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)
where ( ) ( )a rvJ v  – electrons flow density in velocity space.
It is possible to write in Landau form for m-th projection 
of vector ( ) ( )a rvJ v :







v 0 v v
n m
1
J v f v f v v
2




= − + ×  π
× θ θ y
∆∫ ∫   
f
.(9)
where ∆ v  – electron’s velocity deviation from mirror 
reflection velocity:
( )⊥ ⊥= y + y θ∆  1 2v v i cos i sin sin ,                (10)
The smallness of ∆ v  value permits to transform the 
expression (9) to form:
( ) ( ) ( ) ( )fa a
>∆
= − ⋅∇ θ θ y
π
∆ ∆∫  
m
rv
m m v 0 n
v 0
1
J v v v f v v d d
2
,  (11)
which gives for vector ( ) ( )a rvJ v :
( ) ( ) ( ) ( )fa a
>∆
= − ⋅∇ θ θ y
π
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The mean by angle y value of diadic product ∆ ∆ v v  is 
equal to:
( )2 1 1 2 2
2 2 2
v v
v v v i i i i
1 1
sin v i i sin
2 2
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Thus:
( ) ( ) ( )+a aθ  = − − ⋅∇ −  
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4
δ . (14)
It follows from (2) in this case:
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The expression (15) can be transformed to the form:
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4. Boundary conditions for distribution function moments 
and kinetic equations
It is possible to write the boundary conditions for 
electrons dynamics equations using the expression (16).
The boundary conditions for motion equation and motion 
flow equation:
( )
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( ) ( )a a a a⋅ = +  nnn n ni V i i V PQ ,                 (18)
where aΠ  – electron’s motion flow density tensor; 
     aQ  – the third rank moment of distribution function 
[10];
      v  – electrons velocity mean absolute value;







.                             (19)
For velocity change equation and pressure tensor [10] 
equation boundary conditions it is possible to write: 
( )
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where aG  – the third rank moment of distribution function 
in motionless gas.
It can also be written for energy and temperature 
equations [8] boundary conditions:










,                  (22) 
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As it had to be expected energy density onto surface 
direction (22) in elastic reflection is equal to zero. Heat 
conduction (thermal energy flow density) is negative (23) 
– from the surface into plasma. The comparison of (20) and 
(23) shows that heat conduction flow is equal with the minus 
to “viscous forces work”:
a a a= − ⋅ ⋅

n ng V iP ,                         (24)
i.e. the part of electrons direct movement energy returns into 
plasma as thermal energy – the electrons temperature rises 
as the result of non-mirror reflection.
The complex −
 2v vvδ  in (14) has the following 
property:
( )   − ⋅ = ⋅ − ⋅ = − =      
        2 2 2 2v vv v v v v v v v v vv 0δ δ .  (25)
In any isotropic velocity distribution, when:
( ) ( ) ( )+ + +a a a− = = n nf v 2i v f v f v ,                 (26)
we have:
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or, according to (14), (25), (26):
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So the disturbed part of distribution functions 
becomes to be equal to zero in isotropic distribution. 
The tendency exists of the transformation of electrons 
velocity distribution function into isotropic one because of 
electrons non-mirror reflection from the potential barrier 
near the surface.
5. Conclusions
The expressions obtained here (17), (18), (20), (21), 
(28) can and must be used in mathematic modeling of in 
electric propulsion devices of different types as the boundary 
conditions for differential equations in volume: motion 
equation, motion flow equation, Boltzman kinetic equation 
and their analogs depending on the level of detailing of 
processes description both in gas dynamics and kinetic 
approximation. 
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